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A FAMILY OF m-OVOIDS OF PARABOLIC QUADRICS
TAO FENG∗, KOJI MOMIHARA† AND QING XIANG
Abstract. We construct a family of (q−1)2 -ovoids of Q(4, q), the parabolic quadric of PG(4, q), for
q ≡ 3 (mod 4). The existence of (q−1)2 -ovoids of Q(4, q) was only known for q = 3, 7, or 11. Our
construction provides the first infinite family of (q−1)2 -ovoids of Q(4, q). Along the way, we also give
a construction of (q+1)2 -ovoids in Q(4, q) for q ≡ 1 (mod 4).
1. Introduction
This is a paper about m-ovoids of classical polar spaces. More specifically we are concerned
with m-ovoids of Q(4, q), the parabolic quadric of PG(4, q). Tight sets and m-ovoids are important
substructures of classical polar spaces. They are not only interesting in their own right, but also
can give rise to other geometric/combinatorial objects, such as translation planes, strongly regular
graphs, two-weight codes. The concept of a tight set was first defined by Payne [15] for generalized
quadrangles, and it was extended to finite classical polar spaces by Drudge [11]. The notion of an
m-ovoid came from “ovoids” of the projective space PG(3, q). It was Thas [18] who first defined
m-ovoids for generalized quadrangles, and later Shult and Thas [17] extended the notion of an m-
ovoid to finite classical polar spaces. In [4], the authors unified the notion of a tight set and that of
an m-ovoid of generalized quadrangles by defining intriguing sets of generalized quadrangles. In a
subsequent paper [3], the authors extended the concept of an intriguing set to finite classical polar
spaces.
A finite generalized quadrangle (GQ) of order (s, t) is an incidence structure Q = (P,L) of points
and lines such that two distinct lines intersect in at most one point, every line is incident with exactly
s + 1 points and every point is incident with exactly t + 1 lines, and most importantly, that given
any non-incident point-line pair (P, L), P ∈ P and L ∈ L, there is a unique line incident with P and
concurrent with L. Let m be a positive integer. A subset M of points of a generalized quadrangle Q
is called an m-ovoid if every line of Q meets M in exactly m points. (Without giving the details we
mention that m-ovoids of classical polar spaces can be defined similarly.) A 1-ovoid will be simply
called an ovoid. We will only consider classical generalized quadrangles, namely, W (3, q), Q(4, q),
H(3, q2), Q−(5, q), and H(4, q2), which are classical polar spaces of rank 2. In particular, we will
concentrate on Q(4, q), the parabolic quadric in PG(4, q), which is a generalized quadrangle of order
(q, q); the points of Q(4, q) are the points of a non-singular quadric in PG(4, q), and the lines of
Q(4, q) are the lines contained in that quadric. Ovoids of Q(4, q) are of special importance since from
them we obtain spreads of W (3, q), which in turn give rise to symplectic translation planes.
Ovoids of finite classical polar spaces are rare. They tend to exist only in classical polar spaces of
low rank. In [4], a systematic treatment of m-ovoids and tight sets in finite generalized quadrangles
was given. It was commented in the same paper that few constructions of m-ovoids are known. In
Example 5 of [4], the authors gave a number of examples of m-ovoids of Q(4, q), with q = 5, 7, 9,
or 11, found by a computer. In this paper, we generalize the examples in Example 5 of [4] into
an infinite family in the case where q ≡ 3 (mod 4). As an illustration of our method, we also
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give a construction of a family of q+1
2
-ovoids of Q(4, q) when q ≡ 1 (mod 4). Note that there exist
q+1
2
-ovoids of Q(4, q) for all odd q (see Section 3 of [4]). So the q+1
2
-ovoids obtained in this paper
are of less importance. Nevertheless, we include a short section on q+1
2
-ovoids of Q(4, q) since the
construction is direct and is done using the same idea as in the construction of q−1
2
-ovoids of Q(4, q).
Our approach to the construction of these m-ovoids is similar to the one used previously in [13], [10],
and [16]: we prescribe an automorphism group for the m-ovoids that we intend to construct, and
then take unions of orbits of the point set of Q(4, q) under the action of the prescribed automorphism
group. Of course this approach had been used previously in the constructions of m-ovoids, tight sets,
and other geometric objects. In most of the known constructions, e.g. [9], usually the prescribed
automorphism group is so large that there are only a limited number of orbits under the action of the
group; as a consequence, it is possible to study the parameters of the related tactical decomposition
explicitly.
However, it is unusual for the geometric objects that we intend to construct to have very large
automorphism groups. Erdo˝s and Re´nyi [6] had shown that almost all graphs have no nontrivial
automorphism, and this is even true for various special classes of graphs [12, 19]. While we do not
claim that almost all of the geometric objects that we are interested in have trivial automorphism
groups, we believe that most of them should have fairly small automorphism groups. So the new
ingredient in our approach to the construction of m-ovoids is that we prescribe an automorphism
group of medium size. Consequently the number of orbits of the action of the group is large, and
geometric argument for analyzing the intersection of the orbits with hyperplanes seems impossible.
In our case, we succeed in deriving an algebraic expression of the underlying set, and then give a
purely algebraic proof. The difficult part lies in the derivation of the algebraic expression which
is valid for all prime power q congruent to 3 modulo 4. It requires a good understanding of the
geometric structure and a translation into algebraic language. We accomplish this by examining the
interplay of the putative m-ovoids with some special hyperplanes.
2. A family of (q−1)
2
-ovoids of Q(4, q)
In this section, we generalize some examples of m-ovoids of Q(4, q) found by a computer in [4] into
an infinite family. As we already mentioned in the introduction, the basic idea is to prescribe an
automorphism group of the m-ovoids to be constructed. The choice of the automorphism group is
somewhat evident from the examples compiled in Example 5 of Section 8 in [4]. The difficulty lies in
choosing orbits of the point set of Q(4, q) under the action of the prescribed group so that the union
of the chosen orbits forms an m-ovoid of Q(4, q).
2.1. The model of Q(4, q) and the group A. Let q ≡ 3 (mod 4) be a prime power, and let V =
Fq×Fq×Fq2×Fq. We view V as a 5-dimensional vector space over Fq, and for any (x1, x2, y, z) ∈ V ,
define
f(x1, x2, y, z) = x1x2 + y
q+1 − z2.
It is easy to see that f is a non-degenerate quadratic form on V , hence the set of zeros of f ,
{(x1, x2, y, z) ∈ V | x1x2 + y
q+1 − z2 = 0}, gives a parabolic quadric of PG(4, q). This is the model
that we will be using for Q(4, q). Formally, we define
Q(4, q) = {〈(x1, x2, y, z)〉 | 0 6= (x1, x2, y, z) ∈ V, f(x1, x2, y, z) = 0}.
In the rest of the paper, in order to simplify notation, we often simply write (x1, x2, y, z) for the
projective point 〈(x1, x2, y, z)〉 of PG(4, q). For future use, we note that the polar form B of f is
defined by
B((x1, x2, y, z), (x
′
1, x
′
2, y
′, z′)) = x′1x2 + x1x
′
2 + y
qy′ + y′qy − 2zz′, ∀(x1, x2, y, z), (x
′
1, x
′
2, y
′, z′) ∈ V.
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Let q and q be the set of nonzero squares of Fq and the set of nonsquares of Fq, respectively.
We define H to be the following set of mappings from PG(4, q) to itself.
H = {Tβ,w : (x1, x2, y, z) 7→ (x1β, x2β
−1, wy, w
q+1
2 z) | β ∈ q, w
q+1 = 1, w ∈ Fq2}.
Lemma 1. The set H defined above forms a cyclic subgroup of order q
2−1
2
of PGO(5, q).
Proof. It is clear that Tβ,w is Fq-linear since the image of (x1, x2, y, z) under Tβ,w is obtained by
multiplying each coordinate of (x1, x2, y, z) by some element of Fq2 . Furthermore, Tβ,w preserves the
quadratic form f since
f(Tβ,w(x1, x2, y, z)) = f(x1β, x2β
−1, wy, w
q+1
2 z) = x1x2 + y
q+1 − z2 = f(x1, x2, y, z)
by the assumption that wq+1 = 1. Note that since q ≡ 3 (mod 4), we have gcd(q + 1, q−1
2
) = 1.
Hence, the set H is actually a cyclic subgroup of order q
2−1
2
of PGO(5, q). 
We define two further involutions of PGO(5, q) as follows:
σ : (x1, x2, y, z) 7→ (x1, x2,−y
q, z),
τ : (x1, x2, y, z) 7→ (x2, x1, y,−z).
It is straightforward to check that στ = τσ. We now define A to be the subgroup of PGO(5, q)
generated by H, σ, and τ . That is, A := 〈H, σ, τ〉. The group A has order 2(q2 − 1), and it is
isomorphic to C q2−1
2
⋊ (C2×C2), where Cm denotes a cyclic group of order m for any positive integer
m.
The group A acts on the set of points of Q(4, q). Below we collect some basic observations about
this action. Given a point P of PG(4, q), we will use O(P ) to denote the orbit in which P lies under
the action of A.
(1) The plane y = 0 intersects Q(4, q) in a conic C = {〈(x1, x2, 0, z)〉 | 0 6= (x1, x2, 0, z) ∈
V, x1x2 = z
2}. The group A interchanges the two points e1 = (1, 0, 0, 0) and e2 = (0, 1, 0, 0),
and acts transitively on the remaining (q − 1) points of C.
(2) The hyperplane z = 0 intersects Q(4, q) in an elliptic quadric Q−(3, q) = {〈(x1, x2, y, 0)〉 |
0 6= (x1, x2, y, 0) ∈ V, x1x2 + y
q+1 = 0}. From the definition of A, one can see that A fixes
Q−(3, q) setwise, and Q−(3, q) is partitioned into three orbits under the action of A. The
three orbits are {e1, e2}, O(1,−1, 1, 0) and O(1, 1, µ, 0), where µ ∈ Fq2 and µ
q+1 = −1.
We now give a summary of the orbit structure of Q(4, q) under the action of A. There is a unique
orbit {e1, e2} of length 2, a unique orbit O(1, 1, 0, 1) = C \{e1, e2} of length q−1, and a unique orbit
of length q + 1, namely, O(0, 0, 1, 1). All other orbits have length either q
2−1
2
or q2 − 1. There are
q+1
2
orbits of length q
2−1
2
, which are given below.
(1) The set of points (x1, x2, y, 0) of Q(4, q) with y 6= 0 splits into two orbits, O(1, 1, µ, 0) and
O(1,−1, 1, 0), where µ is the same as above. Both orbits have length q
2−1
2
.
(2) O(1,−t2, y, 1), 1 + t2 ∈ q, y ∈ F
∗
q2, and y
q+1 = 1 + t2. There are a total of q−3
2
such orbits,
each having length q
2−1
2
.
There are a total of 3(q+1)
4
orbits of length q2 − 1, which we describe now.
(1) O(1, 0, 1, 1) and O(−1, 0, 1, 1),
(2) O(x1, x2, y, 1) with x1x2 6= 0 and y 6= 0, and either x1x2 ∈ q or 1− x1x2 ∈ q.
In the rest of this section, an orbit of length q
2−1
2
will be referred to as a short orbit, and an orbit
of length q2−1 as a long orbit. Another way to organize the orbits of the points of Q(4, q) under the
action of A is as follows. There are 7 orbits in which a representative has a coordinate being zero:
these are O(1, 0, 0, 0) = {e1, e2}, O(1, 1, 0, 1) = C \ {e1, e2}, O(0, 0, 1, 1), O(1, 1, µ, 0), O(1,−1, 1, 0),
O(1, 0, 1, 1), and O(−1, 0, 1, 1). All the other orbits have the form O(x1, x2, y, 1) with x1x2y 6= 0.
Among these orbits, O(x1, x2, y, 1) is a short orbit if and only if x1x2 ∈ q and 1 − x1x2 ∈ q. (In
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the above we parameterized the short orbits O(x1, x2, y, 1) more explicitly so that we can count them
efficiently.) We state this claim as a lemma.
Lemma 2. Let x1, x2 ∈ F
∗
q, y ∈ F
∗
q2, and (x1, x2, y, 1) ∈ Q(4, q). Then the A-orbit O(x1, x2, y, 1) is
a short orbit if and only if x1x2 ∈ q and 1− x1x2 ∈ q.
Proof. We will compute the point stabilizer StabA(x1, x2, y, 1) of (x1, x2, y, 1) in A = 〈H, σ, τ〉. First,
if Tβ,w(x1, x2, y, 1) = (x1, x2, y, 1), then there exists θ ∈ F
∗
q such that (βx1, β
−1x2, wy, w
q+1
2 ) =
θ(x1, x2, y, 1). It follows that β = θ = β
−1, w = θ = w
q+1
2 . Since β ∈ q, we have θ = 1. Hence
β = w = 1. So the conclusion is that if Tβ,w(x1, x2, y, 1) = (x1, x2, y, 1), then Tβ,w = T1,1. Secondly,
if Tβ,w · σ(x1, x2, y, 1) = (x1, x2, y, 1), then there exists θ ∈ F
∗
q such that (βx1, β
−1x2,−wy
q, w
q+1
2 ) =
θ(x1, x2, y, 1). It follows that β = θ = β
−1, −wyq = y, and θ = w
q+1
2 . Again we must have θ = 1 since
β ∈ q. Also since (x1, x2, y, 1) ∈ Q(4, q), we have 1−x1x2 = y
q+1. And (1−x1x2)
q−1
2 = y(q+1)·
q−1
2 =
(− 1
w
)
q+1
2 = 1. It follows that 1−x1x2 ∈ q. So the conclusion is that Tβ,w·σ(x1, x2, y, 1) = (x1, x2, y, 1)
if and only if β = 1, 1− x1x2 ∈ q, and w = −y
1−q.
Similarly, we have that Tβ,w · τ(x1, x2, y, 1) = (x1, x2, y, 1) if and only if w = −1, x1x2 ∈ q, and
β = −x1
x2
. We now see that |StabA(x1, x2, y, 1)| = 4 if and only if x1x2 ∈ q and 1− x1x2 ∈ q. The
proof of the lemma is complete. 
2.2. The description of the set M. We are now ready to give the promised construction of (q−1)
2
-
ovoids of Q(4, q). As we mentioned before, the (q−1)
2
-ovoids that we intend to construct are unions
of orbits of the action of A on Q(4, q). Let a be a fixed element of F∗q such that 1 + a
2 ∈ q, d ∈ F
∗
q
be a fixed element such that d2 = a−2 +1, µ be the same as above (that is, µ ∈ Fq2 and µ
q+1 = −1),
and let S = {〈(x1, x2, y, 1)〉 ∈ Q(4, q) | 1 + a
2x1x2 ∈ q, x1x2y 6= 0}. In a compact way, we define
M = S ∪ O(1, 0, 1, 1)∪ O(1, 1, µ, 0)∪ O(1, 1, 0, 1)∪ O(−1, 1, ad, a). (2.1)
We remark that the set S is invariant under the action of A. So S is a union of A-orbits. The size
of S can be computed easily. For (x1, x2, y, 1) ∈ S, we must have x1x2 ∈ q − a
−2 and x1x2 6= 0 or
1 (note that if x1x2 = 1, since x1x2 + y
q+1 − 1 = 0, we have y = 0, which is impossible). So there
are q−1
2
− 2 = q−5
2
choices for x1x2; for each such choice of x1x2, since y
q+1 = 1− x1x2, we have q+1
choices for y. Therefore |S| = (q−5)(q
2−1)
2
. It follows that
|M| =
(q − 5)
2
(q2 − 1) + (q2 − 1) + 2 ·
q2 − 1
2
+ (q − 1) =
(q − 1)
2
(q2 + 1).
The geometric interpretation of M is as follows (this is actually how we chose the orbits to form
M in the first place.) Let R = (a,−a, 0, 1). Then R⊥ = {(x1, x2, y, z) | z =
a
2
(x2 − x1)}, where ⊥ is
defined by the bilinear form B, i.e., the polar form of f . We have
(1) M contains three orbits in which a representative has a zero coordinate:
O(1, 0, 1, 1)–long, O(1, 1, µ, 0)–short, O(1, 1, 0, 1).
(2) M contains all the long orbits that have nonempty intersection with R⊥;
(3) M contains all the short orbits O(b,−b, c, 1) such that R⊥ ∩ O(±b,∓b, c, 1) 6= ∅ and the
intersection contains a “rational” point (here, a point (x1, x2, y, z) is called rational if y ∈ Fq).
We are now ready to state the main theorem of this section.
Theorem 3. The above set M is a (q−1)
2
-ovoid of Q(4, q).
Proof. We will show that every line of Q(4, q) meets M in exactly q−1
2
points. Any line of Q(4, q)
takes the form PQ = {λP + Q | P,Q ∈ Q(4, q), P ⊥ Q, λ ∈ Fq ∪ {∞}}, where ∞ · P + Q = P ;
in order to simplify the computations, we will take P = (x1, x2, y, z) ∈ Q(4, q) with x2 = 0. Note
that this is always possible since we can vary the point P on the line PQ. Also since M is fixed
setwise by A, we see that |g(P )g(Q) ∩M| = |PQ ∩M| for any line PQ of Q(4, q) and any g ∈ A.
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As we mentioned above, there are 7 orbits of the points of Q(4, q) in which a representative has a
coordinate being zero. By examining the 7 orbits,we see that it suffices to consider the following four
choices for P , namely, P = (1, 0, 0, 0), (1, 0, 1, 1), (−1, 0, 1, 1), or (0, 0, 1, 1).
(1) P = (1, 0, 0, 0). Choose Q = (a1, a2, b, c) ∈ Q(4, q) such that P ⊥ Q. We have a2 =
0 and bq+1 = c2, where b ∈ Fq2 and c ∈ F
∗
q. We will compute |PQ ∩ M|. Note that
PQ = {(a1 + λ, 0, b, c) | λ ∈ Fq ∪ {∞}}. First we claim that PQ ∩ S = ∅. This is clear
since any point in S has the second coordinate nonzero. For the same reason, we have that
PQ ∩ O(1, 1, µ, 0) = ∅, PQ ∩O(1, 1, 0, 1) = ∅, and PQ ∩ O(−1, 1, ad, a) = ∅. Next, we claim
that |PQ ∩ O(1, 0, 1, 1)| = q−1
2
. To prove the claim, we first note that the orbit O(1, 0, 1, 1)
has length q2 − 1, and it consists of the following points, (β, 0, w, w
q+1
2 ) and (0, β, w,−w
q+1
2 ),
where β ∈ q and w
q+1 = 1, w ∈ Fq2 . It is then easy to see that PQ ∩ O(1, 0, 1, 1) =
PQ ∩ {(β, 0, w, w
q+1
2 ) | β ∈ q, w
q+1 = 1, w ∈ Fq2}. We will find that the latter intersection
has size q−1
2
. To see this, set (a1 + λ, 0, b, c) = θλ(β, 0, w, w
q+1
2 ), where θλ ∈ F
∗
q. We have
a1 + λ = θλβ, b = θλw, c = θλw
q+1
2 .
It follows that w
q−1
2 = c/b. Since gcd(q + 1, q−1
2
) = 1 and wq+1 = 1, we have that w = (c/b)s
for some integer s, and θλ = w
− q+1
2 c. This shows that as λ runs through the elements of Fq,
θλ is independent of λ. Now it is clear that a1 + λ = θλβ has
q−1
2
solutions in λ since β ∈ q.
Therefore we have shown that |PQ∩{(β, 0, w, w
q+1
2 ) | β ∈ q, w
q+1 = 1, w ∈ Fq2}| =
q−1
2
, from
which it follows that |PQ ∩ O(1, 0, 1, 1)| = q−1
2
. Now |PQ ∩M| = |PQ ∩O(1, 0, 1, 1)| = q−1
2
.
(2) P = (1, 0, 1, 1). Choose Q = (a1, a2, b, c) ∈ Q(4, q) such that P ⊥ Q. By varying Q on the
line PQ, we may assume that a1 = 0. Since Q ∈ Q(4, q), we have b
q+1 = c2, where b ∈ Fq2
and c ∈ Fq. Also a2 + b
q + b− 2c = 0 since P ⊥ Q. We will assume that a2 6= 0 and b 6∈ Fq
(the case where a2 = 0 or b ∈ Fq is easy to handle). Consequently c 6= 0, and we may further
assume that c = 1. So the conditions satisfied by a2, b are
bq+1 = 1, b ∈ Fq2 \ Fq, a2 + b
q + b− 2 = 0, a2 ∈ F
∗
q.
We will compute |PQ ∩M|, where PQ = {(λ, a2, b + λ, 1 + λ) | λ ∈ Fq ∪ {∞}}. We claim
that
PQ ∩O(1, 1, 0, 1) = ∅, (2.2)
PQ ∩O(1, 0, 1, 1) = {P}, (2.3)
|PQ ∩O(1, 1, µ, 0)| = [[−a2 ∈ q]], (2.4)
|PQ ∩ S| =
q − 3
2
−
|{λ ∈ Fq | λ
2 + (2 + a2a2)λ+ 1 = 0}|
2
− [[−a2 ∈ q]], (2.5)
|PQ ∩ O(−1, 1, ad, a)| =
|{λ ∈ Fq | λ
2 + (2 + a2a2)λ+ 1 = 0}|
2
, (2.6)
where [[−a2 ∈ q]] is the Kronecker delta function taking value 1 if −a2 ∈ q and value 0
otherwise. Once we prove all five claims above, we will see that |PQ ∩M| = q−1
2
. First we
consider PQ∩O(1, 1, 0, 1). Recall that O(1, 1, 0, 1) = C \ {e1, e2} is an orbit of length q − 1,
where C is the conic {〈(x1, x2, 0, z)〉 | 0 6= (x1, x2, 0, z) ∈ V, x1x2 = z
2}. If (x1, x2, 0, z) =
θλ(λ, a2, b + λ, 1 + λ) for some θλ ∈ F
∗
q, then b = −λ ∈ Fq. But we already assumed that
b 6∈ Fq. This proves that PQ ∩ O(1, 1, 0, 1) = ∅.
Next, we consider PQ∩O(1, 0, 1, 1). It is clear that P ∈ PQ∩O(1, 0, 1, 1). So we only need
to consider {(λ, a2, b+λ, 1+λ) | λ ∈ Fq}∩O(1, 0, 1, 1). Note that O(1, 0, 1, 1) has length q
2−1,
and it consists of the following points, (β, 0, w, w
q+1
2 ) and (0, β, w,−w
q+1
2 ), where β ∈ q and
wq+1 = 1, w ∈ Fq2 . Since a2 6= 0, we see that {(λ, a2, b+λ, 1+λ) | λ ∈ Fq}∩{(β, 0, w, w
q+1
2 ) |
β ∈ q, w
q+1 = 1} = ∅. We claim that also {(λ, a2, b+λ, 1+λ) | λ ∈ Fq}∩{(0, β, w,−w
q+1
2 ) |
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β ∈ q, w
q+1 = 1} = ∅. To see this, let θλ(λ, a2, b + λ, 1 + λ) = (0, β, w,−w
q+1
2 ) for some
θλ ∈ F
∗
q. We have λ = 0, and the only possible point in the intersection {(λ, a2, b+ λ, 1+ λ) |
λ ∈ Fq} ∩ {(0, β, w,−w
q+1
2 ) | β ∈ q, w
q+1 = 1} is the point Q. Now Q = (0, a2, b, 1)
is in the aforementioned intersection if and only if there exists some θ0 ∈ Fq such that
θ0a2 = β, θ0b = w, θ0 = −w
q+1
2 ∈ {1,−1}, which, in turn, imply that a2b
q+1
2 ∈ q. We claim
that in fact a2b
q+1
2 ∈ q, from which it follows that Q is not in the intersection and therefore
{(λ, a2, b + λ, 1 + λ) | λ ∈ Fq} ∩ {(0, β, w,−w
q+1
2 ) | β ∈ q, w
q+1 = 1} = ∅. For x ∈ Fq, we
define the sign of x, sgn(x) ∈ Fq, by
sgn(x) =


1, if x ∈ q,
−1, if x ∈ q,
0, if x = 0.
(2.7)
Since bq+1 = 1 and b+bq = 2−a2, we have 4−a2 = 2+b+b
q = (1+b)(1+bq) = b−1(1+b)2. It
follows that (4− a2)
q−1
2 = b
q+1
2 , and sgn(4− a2) = sgn(b
q+1
2 ). On the other hand, since b and
bq are two roots of X2−(2−a2)X+1 in Fq2 and b 6∈ Fq, we have (2−a2)
2−4 = a22−4a2 ∈ q,
and it follows that sgn(a2)sgn(4−a2) = 1. Hence sgn(a2)sgn(b
q+1
2 ) = 1. That is, a2b
q+1
2 ∈ q.
We have finished the proof of (2.3).
We now consider PQ∩O(1, 1, µ, 0). It is clear that the only possible point in the intersection
is (−1, a2, b − 1, 0), and (−1, a2, b − 1, 0) ∈ PQ ∩ O(1, 1, µ, 0) if and only if −a2 ∈ q. This
proves (2.4).
We consider PQ ∩ S next. Recall that S = {〈(x1, x2, y, 1)〉 ∈ Q(4, q) | 1 + a
2x1x2 ∈
q, x1x2y 6= 0}. Take a point (x1, x2, y, 1) ∈ S and set (x1, x2, y, 1) = θλ(λ, a2, b + λ, 1 + λ)
for some θλ ∈ F
∗
q . We have
x1 = θλλ,
x2 = θλa2,
y = θλ(b+ λ),
1 = θλ(1 + λ).
It follows that 1+a2x1x2 = 1+θ
2
λa
2λa2 = 1+(1+λ)
−2a2λa2. Since (x1, x2, y, 1) ∈ S, we must
have (1 + λ)2 + a2λa2 ∈ q. Conversely, for each λ ∈ Fq satisfying (1 + λ)
2 + a2λa2 ∈ q, as
long as λ 6= 0 or −1, we can always solve the above system so that the point (λ, a2, b+λ, 1+λ)
belongs to S. Therefore,
|PQ ∩ S| = |{λ ∈ Fq | (1 + λ)
2 + a2λa2 ∈ q, λ 6= 0,−1}|. (2.8)
If λ = 0, (1 + λ)2 + a2λa2 ∈ q, and if λ = −1, (1 + λ)
2 + a2λa2 ∈ q or q according as
−a2 ∈ q or not. Hence, continuing from (2.8), we have
|PQ ∩ S| =
∑
λ∈Fq, (1+λ)2+λa2a2 6=0
η((1 + λ)2 + λa2a2) + 1
2
− 1− [[−a2 ∈ q]]
=
∑
λ∈Fq
η((1 + λ)2 + λa2a2) + 1
2
−
|{λ ∈ Fq | λ
2 + (2 + a2a2)λ+ 1 = 0}|
2
− 1− [[−a2 ∈ q]]
=
q − 2
2
+
1
2
∑
λ∈Fq
η(λ2+(2+a2a2)λ+1)−
|{λ ∈ Fq | λ
2 + (2 + a2a2)λ+ 1 = 0}|
2
−[[−a2 ∈ q]],
where η is the quadratic character of Fq. The discriminant of the quadratic polynomial
X2+(2+a2a2)X+1 is ∆ := a
2a2(4+a
2a2). If ∆ = 0, then a2 = −
4
a2
, and a2(4−a2) = −
16(1+a2)
a4
.
Since b and bq are two roots of the quadratic polynomialX2−(2−a2)X+1 in Fq2 and b 6∈ Fq, we
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have (2−a2)
2−4 = a22−4a2 ∈ q, implying that a2(4−a2) ∈ q. Since a2(4−a2) = −
16(1+a2)
a4
,
we therefore have 1 + a2 ∈ q, contradicting the assumption 1 + a
2 ∈ q. We have shown
that the discriminant of the quadratic polynomial X2 + (2 + a2a2)X + 1 is nonzero, and it
follows that
∑
λ∈Fq
η(λ2 + (2 + a2a2)λ+ 1) = −1 by [14, Theorem 5.48]. Consequently,
|PQ ∩ S| =
q − 3
2
−
|{λ ∈ Fq | λ
2 + (2 + a2a2)λ+ 1 = 0}|
2
− [[−a2 ∈ q]].
This proves (2.5).
Finally we consider PQ∩O(−1, 1, ad, a). Recall that O(−1, 1, ad, a) is a short orbit, and it
consists of points (−β, β−1, adw, aw
q+1
2 ), where β ∈ q and w
q+1 = 1. Set θλ(λ, a2, b+ λ, 1 +
λ) = (−β, β−1, adw, aw
q+1
2 ) for some θλ ∈ F
∗
q . We have
− β = θλλ, (2.9)
β−1 = θλa2, (2.10)
adw = θλ(b+ λ), (2.11)
aw
q+1
2 = θλ(1 + λ). (2.12)
Multiplying (2.9) and (2.10), we obtain θ2λλa2 = −1. Square both sides of (2.12), we have
a2 = θ2λ(1 + λ)
2. Therefore we have
(1 + λ)2 + a2a2λ = 0. (2.13)
Note that we have seen above that ∆ 6= 0. So a necessary condition for a point (λ, a2, b+
λ, 1 + λ) ∈ PQ to lie in the orbit O(−1, 1, ad, a) is that ∆ := a2a2(4 + a
2a2) ∈ q. It follows
that if ∆ ∈ q, then PQ ∩ O(−1, 1, ad, a) = ∅. Now assume that ∆ ∈ q. Then there are
λ1 6= λ2 in Fq such that (1 + λi)
2 + a2a2λi = 0 for i = 1, 2. We will show that exactly one of
the two points (λi, a2, b+ λi, 1 + λi) ∈ PQ, i = 1, 2, lies in O(−1, 1, ad, a).
Since gcd(q+1, q−1
2
) = 1, we can find integers s and t such that (q+1)t+ (q−1)s
2
= 1. Given
λi ∈ Fq (i = 1 or 2) satisfying (2.13), we set
wi =
(
d(1 + λi)
b+ λi
)s
.
Since bq+1 = 1, bq + b = 2 − a2, d
2 = 1 + a−2, and λi satisfies (2.13), we have (b + λi)
q+1 =
bq+1 + (bq + b)λi + λ
2
i = 1 + (2 − a2)λi + λ
2
i = d
2(1 + λi)
2. It follows that the wi’s defined
above satisfy wq+1i = 1, w
q−1
2
i =
d(1+λi)
b+λi
, and wi
b+λi
∈ Fq. Set θλi =
adwi
b+λi
, where i = 1, 2. Then
θλi ∈ Fq, and both (2.11) and (2.12) are satisfied. Next we show that exactly one of the
following holds: sgn(−adwi
b+λi
) = 1, where i = 1, 2. We achieve this by showing that
sgn(
w1
b+ λ1
·
w2
b+ λ2
) = −1.
It suffices to show that ( w1
b+λ1
· w2
b+λ2
)
q−1
2 = −1. Recall that w
q−1
2
i =
d(1+λi)
b+λi
, i = 1, 2, λ1λ2 = 1,
λ1 + λ2 = −2− a2a
2, and b2 + 1 = (2− a2)b. We see that(
w1
b+ λ1
·
w2
b+ λ2
) q−1
2
=
d2(1 + λ1)(1 + λ2)
(b2 − (2 + a2a2)b+ 1)
q+1
2
=
−a2(1 + a
2)
(−a2(1 + a2)b)
q+1
2
By assumption, 1 + a2 ∈ q, we have (1 + a
2)
q+1
2 = 1+ a2. Note that q+1
2
is even since q ≡ 3
(mod 4). We have (
w1
b+ λ1
·
w2
b+ λ2
) q−1
2
=
−a2
(a2b)
q+1
2
=
−1
a
q−1
2
2 b
q+1
2
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Recall that in the proof of (2.3), we have shown that a2b
q+1
2 ∈ q. (Also note that b
q+1
2 = ±1.)
Therefore a
q−1
2
2 b
q+1
2 = 1. It follows that
(
w1
b+λ1
· w2
b+λ2
) q−1
2
= −1. We have now shown that
exactly one of the following holds: sgn(−adwi
b+λi
) = 1, where i = 1, 2. For the i such that
sgn(−adwi
b+λi
) = 1, we define β = −adwiλi
b+λi
. Then β ∈ q, and both (2.9) and (2.10) are satisfied.
So in this case (i.e., the case where ∆ ∈ q) we have |PQ∩O(−1, 1, ad, a)| = 1. In summary
we have shown that |PQ ∩O(−1, 1, ad, a)| = |{λ∈Fq|λ
2+(2+a2a2)λ+1=0}|
2
.
(3) P = (−1, 0, 1, 1). This case is almost identical to the case where P = (1, 0, 1, 1). We omit the
details.
(4) P = (0, 0, 1, 1). This case is rather easy. We leave the details to the reader.
We have shown that all lines of Q(4, q) meet M in exactly q−1
2
points. Therefore M is a (q−1)
2
-ovoid
of Q(4, q). The proof is complete. 
Remark 4. 1. Recall that the hyperplane z = 0 meets Q(4, q) in an elliptic quadric Q−(3, q). Using
the definition of M, we see that |M ∩ Q−(3, q)| = |O(1, 1, µ, 0)| = q
2−1
2
, which is congruent to q−1
2
(mod p). This agrees with the result of Ball [1] which asserts that an elliptic quadric is incident with
m modulo p points of an m-ovoid of Q(4, q), where q is a power of p. We further conjecture that an
elliptic quadric is incident with m modulo q points of an m-ovoid of Q(4, q).
2. Using a computer we checked that the subgroup of PGO(5, q) stabilizing M is exactly A when
q = 7 or 11.
3. A family of (q+1)
2
-ovoids of Q(4, q)
We start this section by commenting that there exist (q+1)
2
-ovoids of Q(4, q) for all odd q. Cossidente
and Penttila [9] constructed a family of (q+1)
2
-ovoids O of the elliptic quadric Q−(5, q) for all odd q.
Let H be a non-tangent hyperplane of Q−(5, q). That is, H ∩ Q−(5, q) is a non-singular parabolic
quadric in H . Then H ∩O is a (q+1)
2
-ovoid of Q(4, q) = H ∩Q−(5, q). In this section, we give a direct
construction of (q+1)
2
-ovoid of Q(4, q) for q ≡ 1 (mod 4) by using the same method as in Section 2.
Let q ≡ 1 (mod 4) be a prime power. Let γ be a primitive element of Fq2 . Furthermore, for
positive integers d | (q2 − 1) and e | (q − 1), let C
(d,q2)
0 denote the subgroup of index d of F
∗
q2 and put
C
(e,q)
0 = C
(e(q+1),q2)
0 . Define C
(d,q2)
i := γ
iC
(d,q2)
0 , 0 ≤ i ≤ d−1, and C
(e,q)
i := γ
i(q+1)C
(e,q)
0 , 0 ≤ i ≤ e−1.
We will use the following model of Q(4, q) in this section: Let V = Fq×Fq2 ×Fq2, which is viewed
as a 5-dimensional vector space over Fq. We equip V with the following quadratic form
f(x, y, z) = x2 + Trq2/q(yz), ∀(x, y, z) ∈ V,
where Trq2/q is the trace map from Fq2 to Fq. It is easy to see that f is a non-degenerate quadratic
form on V , hence the set of zeros of f , {(x, y, z) ∈ V | f(x, y, z) = 0}, defines a parabolic quadric of
PG(4, q). This is the model that we will be using for Q(4, q) in this section. Formally, we define
Q(4, q) = {〈(x, y, z)〉 | 0 6= (x, y, z) ∈ V, f(x, y, z) = 0}.
In the rest of this section, in order to simplify notation, we often simply write (x, y, z) for the
projective point 〈(x, y, z)〉 of PG(4, q). For future use, we also note that the polar form B of f is
defined by
B((x1, y1, z1), (x2, y2, z2)) = 2x1x2 + y1z2 + y2z1 + y1z
q
2 + y
q
1z2, ∀(x1, y1, z1), (x2, y2, z2) ∈ V.
We now begin to state our construction of (q + 1)/2-ovoids of Q(4, q). Let H be the cyclic
subgroup of order q
2−1
2
of PGO(5, q) consisting of the following elements Tu, where u ∈ C
(2,q2)
0 . Here
Tu is defined by
Tu(x, y, z) = (x, yu, zu
−1), ∀(x, y, z) ∈ PG(V ).
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Furthermore define two elements σ and τ of order 2 of PGO(5, q) as follows:
σ : (x, y, z) 7→ (x, yq, zq), ∀(x, y, z) ∈ PG(V ),
τ : (x, y, z) 7→ (x, z, y), ∀(x, y, z) ∈ PG(V ).
Let A = 〈H, σ, τ〉 be the subgroup of PGO(5, q) generated by H, σ and τ . We see that A is a subgroup
of order 2(q2 − 1), and it is isomorphic to C q2−1
2
⋊ (C2 × C2).
Let δ = γ
q+1
2 , where γ is a fixed primitive element of Fq2. Then we have δ + δ
q = 0. The group
A acts on the set of points of Q(4, q). Again for a point P ∈ PG(V ), we use O(P ) to denote the
orbit in which P lies in. There are four orbits which have a representative having at least one zero
coordinate. We list these four orbits below.
(1) O(0, 0, 1), O(0, 0, δ), each of length q + 1;
(2) O(0, 1, δ) and O(0, 1, δ−1), each of length q
2−1
2
.
We now give our construction of the (q + 1)/2-ovoid M. We define the set M to be the union of
the following parts:
(1) The orbit O(0, 0, 1) of length q + 1;
(2) The orbit O(1, 1,−1/2) of length q
2−1
2
;
(3) The orbit O(0, 1, δ) of length q
2−1
2
;
(4) The set S = {(1, y, y−1(w − 1
2
)) | w ∈ C(2(q+1),q
2)
q+1
2
, y ∈ F∗q2}.
Clearly we have |M| = (q2 + 1)(q + 1)/2. A couple of remarks are in order. First, the condition
w ∈ C
(2(q+1),q2)
q+1
2
is equivalent to
zq+1 −
1
4
∈ C(4,q)ǫ and z
q + z + 1 = 0, where z = w −
1
2
, (3.1)
where ǫ ≡ 1 or 3 according as q ≡ 1 or 5 (mod 8). This can be seen as follows. Assume that
(3.1) holds. Then wq + w = (z + 1
2
)q + (z + 1
2
) = zq + z + 1 = 0. So w ∈ C
(q+1,q2)
(q+1)
2
. Furthermore,
zq+1− 1
4
= (w− 1
2
)q+1− 1
4
= wq+1. So by assumption, wq+1 ∈ C
(4,q)
ǫ , which implies that w ∈ C
(2(q+1),q2)
(q+1)
2
.
The converse is almost the same. We omit the details. With this observation, we comment that S
defined above is invariant under the action of A. The set S is clearly invariant under H and τ . To see
that S is also invariant under σ, let (1, y, y−1(w− 1
2
)) ∈ S. Then σ(1, y, y−1(w− 1
2
)) = (1, yq, y−q(w−
1
2
)q) = (1, yq, y−qzq), where z = w − 1
2
. Now zq = −z − 1 = −w − 1
2
, and −w ∈ C
(2(q+1),q2)
(q+1)
2
. We see
that σ(1, y, y−1(w − 1
2
)) ∈ S. So S is invariant under the action of A, hence it is a union of orbits of
the action of A.
Theorem 5. The above set M is a (q+1)
2
-ovoid of Q(4, q).
The proof of the theorem can be done by checking that every line of Q(4, q) meets M in exactly
(q+1)
2
points. The detailed argument is quite similar to that in the proof of Theorem 3. We omit the
details.
Remark 6. By using a computer we checked that the subgroup of PGO(5, q) stabilizing the (q+1)
2
-
ovoid M above is exactly A when q = 5 or 9. In particular, we checked that for q = 5, there are
exactly two inequivalent
(q+1)
2
-ovoids with full automorphism groups of order 48 in PGO(5, q), and
there are two inequivalent
(q+1)
2
-ovoids from the hyperplane sections of the Cossidente-Penttila ovoid
with full automorphism groups of order 48. Hence our construction in this case does not produce new
(q+1)
2
-ovoids. For larger q, the amount of computations involved in checking inequivalence becomes
too large to handle.
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4. Remarks and Open Problems
For q even, the generalized quadrangle Q(4, q) contains m-ovoids for every value of m (cf. [8]).
For q odd, Q(4, q) contains m-ovoids for m = 1, m = (q + 1)/2 and m = q. It is not known in
general for what other values of m the generalized quadrangle Q(4, q) contains m-ovoids. In this
paper, by construction we have shown that Q(4, q) contains (q−1)
2
-ovoids when q ≡ 3 (mod 4). For
small prime powers q ≡ 3 (mod 4), we have checked that the stabilizer in PGO(5, q) of the newly
constructed (q−1)
2
-ovoid has size 2(q2 − 1) (that is, the full automorphism group in PGO(5, q) of the
newly constructed (q−1)
2
-ovoid is exactly the group A that we prescribed). As for future research, it
would be interesting to generalize the examples of q−1
2
-ovoid of Q(4, q) (with q = 5 or 9) in Example
5 of [4] into an infinite family. We could not see any general pattern for the prescribed automorphism
groups in those examples. Secondly, Ball [1] proved that an m-ovoid of Q(4, q) meets every three-
dimensional elliptic quadric in m modulo p points, where q is a power of p. We conjecture that an
m-ovoid of Q(4, q) meets every three-dimensional elliptic quadric in m modulo q points. There are
some results related to this conjecture in [2] and [7].
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